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a b s t r a c t
In this paper,we introduce new subclasses of analytic and univalent functions and establish
certain results concerning the quasi-Hadamard product of functions in these subclasses.
Our result includes several previous known results as special cases.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction and definitions
Throughout the paper, let the functions of the form
f (z) = a1z −
∞∑
n=2
anzn (a1 > 0, an ≥ 0), (1.1)
g(z) = b1z −
∞∑
n=2
bnzn (b1 > 0, bn ≥ 0), (1.2)
fi(z) = a1,iz −
∞∑
n=2
an,izn (a1,i > 0, an,i ≥ 0), (1.3)
and
gj(z) = b1,jz −
∞∑
n=2
bn,jzn (b1,j > 0, bn,j ≥ 0), (1.4)
be analytic in the open unit discU = {z : |z| < 1} .
Let ST ∗0 (α) denote the class of functions f (z) defined by (1.1) and satisfy the condition
Re
{
zf ′(z)
f (z)
}
> α (z ∈ U) (1.5)
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and C0(α) the class of functions f (z) defined by (1.1) and satisfy the condition
Re
{
1+ zf
′′(z)
f ′(z)
}
> α (z ∈ U) (1.6)
where 0 ≤ α < 1. It is well known that the functions in ST ∗0 (α) and C0(α) are univalent. Evidently,
ST ∗0 (α) ⊂ ST ∗0 (β) and C0(α) ⊂ C0(β)when 0 ≤ β < α < 1.
Silverman [1] proved that f (z) ∈ ST ∗0 (α) if and only if
∞∑
n=2
[(n− α)an] ≤ (1− α)a1; (1.7)
and f (z) ∈ C0(α)if and only if
∞∑
n=2
[n(n− α)an] ≤ (1− α)a1. (1.8)
Let us define the quasi-Hadamard product of the functions f (z) and g(z) by
f ∗ g(z) = a1b1z −
∞∑
n=2
anbnzn. (1.9)
Similarly, we can define the quasi-Hadamard product of more than two functions.
In [2], Kumar established new results concerning the quasi-Hadamard product of functions in the classes ST ∗0 (α) and
C0(α).
Let ψ(z)be a fixed function of the form
ψ(z) = a1z −
∞∑
n=2
cnzn, (a1 > 0, cn ≥ c2 > 0; n ≥ 2). (1.10)
Using the function defined by (1.10), we now define the following new classes.
Definition 1. A function f (z) ∈ M0ψ (cn, δ)(cn ≥ c2 > 0; n ≥ 2) if and only if
∞∑
n=2
cnan ≤ δa1, (1.11)
where δ > 0.
Definition 2. A function f (z) ∈ N0ψ (cn, δ) (cn ≥ c2 > 0; n ≥ 2) if and only if
∞∑
n=2
ncnan ≤ δa1, (1.12)
where δ > 0.
Also, we introduce the following class of analytic functions which plays an important role in the discussion that follows.
Definition 3. A function f (z) ∈ Bkψ (cn, δ) (cn ≥ c2 > 0; n ≥ 2) if and only if
∞∑
n=2
nkcnan ≤ δa1, (1.13)
where δ > 0 and k is any fixed nonnegative real number.
It is easy to check that various subclasses of analytic and univalent functions can be represented as Bkψ (cn, δ) for suitable
choices of cn, δ and k studied by various authors. For example:
(1) B0ψ (n− α, 1− α) ≡ ST ∗0 (α) (Silverman [1]);
(2) B0ψ (n(n− α), 1− α) ≡ C0(α) (Silverman [1]);
(3) B0ψ ((1− β)n− αβ, β(1− α)) ≡ S∗0 (α, β) (Owa [3]);
(4) B0ψ (n[(1− β)n− αβ], β(1− α)) ≡ C∗0 (α, β) (Darwish [4]);
(5) Bkψ ((1− β)n− αβ, β(1− α)) ≡ S∗k (α, β) (Darwish [4]);
(6) B0ψ ((n− 1)+ β(1+ αn), β(1+ α)) ≡ S0(α, β) (Owa [5]);
(7) B0ψ (n[(n− 1)+ β(1+ αn)], β(1+ α)) ≡ C0(α, β) (Owa [5]);
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(8) Bkψ ((n− 1)+ β(1+ αn), β(1+ α)) ≡ Sk(α, β) (Aouf [6]);
(9) B0ψ (n(1+m)− (m+ α), 1− α) ≡ ST0(α,m) (Frasin [7]);
(10) B0ψ (n[n(1+m)− (m+ α)], 1− α) ≡ UCT0(α,m) (Frasin [7]);
(11) Bmψ (n(1+m)− (m+ α), 1− α) ≡ STm(α, k) (Frasin [7]).
Evidently, B1ψ (cn, δ) ≡ N0ψ (cn, δ) and, for k = 0, B0ψ (cn, δ) is identical to M0ψ (cn, δ). Further, Bkψ (cn, δ) ⊂ Bhψ (cn, δ) if
k > h ≥ 0, the containment being proper. Whence, for any positive integer k, we have the inclusion relation
Bkψ (cn, δ) ⊂ Bk−1ψ (cn, δ) ⊂ · · · ⊂ B2ψ (cn, δ) ⊂ N0ψ (cn, δ) ⊂ M0ψ (cn, δ).
We note that for every nonnegative real number k, the class Bkψ (cn, δ) is nonempty as the functions of the form
f (z) = a1z −
∞∑
n=2
δa1
nkcn
λnzn,
where a1 > 0, λn ≥ 0 and∑∞n=2 λn ≤ 1, satisfy the inequality (1.13).
In this paper, we establish a theorem concerning the quasi-Hadamard product of functions in the classes
Bkψ (cn, δ),M
0
ψ (cn, δ) and N
0
ψ (cn, δ). The theorem and its applications generalize the results obtained by Kumar [2],
Darwish [4], Aouf [6] and Frasin [7].
2. Main theorem
Theorem 1. Let the functions fi(z) defined by (1.3) be in the class N0ψ (cn, δ) for every i = 1, 2, . . . ,m; and let the functions
gi(z) defined by (1.4) be in the class M0ψ (cn, δ) for every j = 1, 2, . . . , q. If cn ≥ nδ, then the quasi-Hadamard product
f1 ∗ f2 ∗ · · · ∗ fm ∗ g1 ∗ g2 ∗ . . . ∗ gq(z) belongs to the class B2m+q−1ψ (cn, δ).
Proof. Let h(z) := f1 ∗ f2 ∗ . . . ∗ fm ∗ g1 ∗ g2 ∗ . . . ∗ gq(z), then
h(z) =
{
m∏
i=1
a1,i
q∏
j=1
b1,j
}
z −
∞∑
n=2
{
m∏
i=1
an,i
q∏
j=1
bn,j
}
zn. (2.1)
We need to show that
∞∑
n=2
[
n2m+q−1cn
{
m∏
i=1
an,i
q∏
j=1
bn,j
}]
≤ δ
{
m∏
i=1
a1,i
q∏
j=1
b1,j
}
. (2.2)
Since fi(z) ∈ N0ψ (cn, δ), we have
∞∑
n=2
ncnan,i ≤ δa1,i (2.3)
for every i = 1, 2, . . . ,m. Therefore,
an,i ≤
(
δ
ncn
)
a1,i
which implies that
an,i ≤ n−2a1,i (2.4)
for every i = 1, 2, . . . ,m. Similarly, for gj(z) ∈ M0ψ (cn, δ), we have
∞∑
n=2
cnbn,j ≤ δb1,j. (2.5)
for every j = 1, 2, . . . , q. Hence we obtain
bn,j ≤ n−1b1,j (2.6)
for every j = 1, 2, . . . , q.
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Using (2.4) for i = 1, 2, . . . ,m, (2.6) for j = 1, 2, . . . , q− 1, and (2.5) for j = q, we obtain
∞∑
n=2
[
n2m+q−1cn
{
m∏
i=1
an,i
q∏
j=1
bn,j
}]
≤
∞∑
n=2
[
n2m+q−1cnbn,q
{
n−2mn−(q−1)
(
m∏
i=1
a1,i
q−1∏
j=1
b1,j
)}]
=
( ∞∑
n=2
cnbn,q
)(
m∏
i=1
a1,i
q−1∏
j=1
b1,j
)
≤ δ
{
m∏
i=1
a1,i
q∏
j=1
b1,j
}
.
Hence h(z) ∈ B2m+q−1ψ (cn, δ). This completes the proof of Theorem 1. 
Note that we can prove the above theorem by using (2.4) for i = 1, 2, . . . ,m − 1, (2.6) for j = 1, 2, . . . , q, and (2.3) for
i = m.
Taking into account the quasi-Hadamard product functions f1(z), f2(z), . . . , fm(z)only, in the proof of the above theorem,
and using (2.4) for i = 1, 2, . . . ,m− 1,and (2.3) for i = m, we obtain
Corollary 1. Let the functions fi(z) defined by (1.3) be in the class N0ψ (cn, δ) for every i = 1, 2, . . . ,m. Then the quasi-Hadamard
product f1 ∗ f2 ∗ . . . ∗ fm belongs to the class B2m−1ψ (cn, δ).
Next, taking into account the quasi-Hadamard product functions g1(z), g2(z), . . . , gq(z) only, in the proof of the above
theorem, and using (2.6) for j = 1, 2, . . . , q− 1, and (2.5) for j = q, we obtain
Corollary 2. Let the functions gi(z) defined by (1.4) be in the class M0ψ (cn, δ) for every j = 1, 2, . . . , q. Then the quasi-Hadamard
product g1 ∗ g2 ∗ . . . ∗ gq(z) belongs to the class Bq−1ψ (cn, δ).
Remark. (i) Taking cn = n − α and δ = 1 − α, (0 ≤ α < 1), in the above theorem, we obtain the main result given by
Kumar in [2].
(ii) Taking cn = (1− β)n− αβ and δ = β(1− α), (0 ≤ α < 1, 0 < β < 1/2) in the above theorem, we obtain the main
result given by Darwish in [4].
(iii) Taking cn = (n − 1) + β(1 + αn) and δ = β(1 + α), (0 ≤ α < 1, 0 < β ≤ 1) in the above theorem, we obtain the
main result given by Aouf in [6].
(iv) Taking cn = n(1+m)− (m+ α) and δ = 1− α, (0 ≤ α < 1, 0 ≤ m <∞) in the above theorem, we obtain the main
result given by Frasin in [7].
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